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Abstract 

We study discrete Schrodinger operators with analytic potentials. 
In particular, we are interested in the connection between the abso- 
lutely continuous spectrum in the almost periodic case and the spectra 
in the periodic case. We prove a weak form of a precise conjecture re- 
O ■ lating the two. 

We also bound the measure of the spectrum in the periodic case 
in terms of the Lyapunov exponent in the almost periodic case. 

In the proofs, we use a partial generalization of Chambers' formula. 
As an additional application of this generalization, we provide a new 
proof of Herman's lower bound for the Lyapunov exponent. 

"*-! 1 Introduction 



In this paper we consider discrete Schrodinger operators of the form 

[H a ,gip] (n) = ip{n + 1) + il>(n - 1) + V a , e (n)ip(n) ,^ e £ 2 ' 
where we formally set ip(0) = 0. The potential 

V a6 (n) = f(2iran + 6) {a e R, < 6 < 2vr) 
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is constructed from a function / which is periodic of period 2ir } and analytic 
in a strip {z G C | |Imz| < 77}. We also assume that / is real on R; in this 
case the operator is self-adjoint. 

As a primary example, one may think of the special case when / is a 
trigonometric polynomial 



where we assume that = for — d < k < d. 

If a G Q, the potential is periodic, and the spectrum cr(p/q,9) of H a9 is a 
union of q closed intervals q Denote 



If a ^ Q, the operator is almost periodic. In this case the spectrum does 
not depend on 9 (by Pastur's theorem, see, e.g., (5J Theorem 9.2]). We shall 
mainly be interested in the set 



where the Lyapunov exponent 7 (see Section I2TT1 for the definition) vanishes. 
According to the Ishii-Kotani-Pastur theorem [5j Theorem 9.13], A(a) is 
an essential support of the absolutely continuous spectrum of H a ^g for any 
< 9 < 27r, that is, a minimal (up to Lebesgue measure zero) set which 
supports the absolutely continuous part of the spectral measure. 

We are interested in the connection between the set A(a) for irrational 
a and the spectra a(p/q,9) of the periodic operators corresponding to p/q 
that are close to a. Apart from the intrinsic interest, this connection is often 
used to study almost periodic operators via their periodic approximations. 

This paper is motivated by the following conjecture, which we learned from 



1 Formally, the spectrum of a periodic operator on the half- line also includes q—1 simple 
eigenvalues. We abuse the notation and denote by cr(p/q, 9) the spectrum without these 
eigenvalues, which is actually the essential spectrum of the operator. 



d 




(1.1) 



k=-d 




A(a) = {E I j(E,a) = 0} 



Y. Last: 
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Conjecture. For any a Q, A(a) = \\m p / q _> a S_{p/q). That is, 

limsup54^) = f| |J S-£) 

q <5>0|£-a|<5 q 

I q I 

and 

liminfS_(^) = M f| S.{ P -) 

i * 6>0\P- a \<6 * 

I q I 

coincide (at least, up to Lebesgue measure zero) with one another and with 
A{a). 

We remark that equality modulo sets of measure zero would be sufficient 
for most of the applications. 

The intuition is roughly as follows. If a £ Q is very close to p/q, then, 
for any Q\ and 62, one can find long pieces of V a fii that are close to long 
repetitions of the period of V p / qy o 2 . Therefore, if E cr(p/q, 9 2 ), the potential 
Vafix contains "barriers" which prohibit conductivity at energy E, namely, 
E is outside the absolutely continuous spectrum of H a6l . Vice versa, if 
E e a(p/q,9) for all 9 and all p/q sufficiently close to a, the Lyapunov 
exponent j(E,a) should be zero (since j(E,p/ 'q,9) = for every 9.) 

As additional evidence for the conjecture, we remark that (modulo Lebes- 
gue measure zero) it holds for the almost Mathieu operator, which corre- 
sponds to f{9) = X cos 9 for A 7^ (that is, d = 1 in (11.11) .) This follows from 
the known results about the measure and the structure of the spectrum for 
the almost Mathieu operator, see, e.g., the review of Last [13]. 

It appears that one direction of the conjecture can be derived directly 
from the result of Bourgain and Jitomirskaya Namely, the following 
holds: 

Theorem 1.1. For any a Q, 

p 

A{a) D lim sup S-(-) 

1 

Remark. A related result was proved by Last in ITW for a certain set of a-s 
of full Lebesgue measure. 

In the other direction, we have only been able to prove a weaker result. 
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Theorem 1.2. For e > 0, denote 



SJ?-, e) = PI \E I dist(E, a(-, 9)) < el 
1 1 J I 9 J 



where 



Then for any a Q 



dist(E.K) = inf IS-S'I . 



A(a) C plliminf 5_(-,e) 

e>0 i H 



We also prove an estimate for the average measure of cr(p/q,9) in terms 
of the Lyapunov exponent: 

Theorem 1.3. There exists a number d = d(f) such that the following holds. 
Fix a Q. For any e > there exists 5 > such that for \p/q — a\ < 5 and 
for any E for which j(E, a) > e 



9 | Ee cr(~, 

q 



<Cexp [-±ME,a)-e) 



In particular, for any compact I C R, 



a(-,9)nl 

q 



M<C I exp[-^(j(E,a)-e) 



< C\I\ exp 



dE 



— - ( mm^(E, a) — e 
2d \Eei IK ' ' 



[1.2) 



Remark. In the case of trigonometric potential U.l\) one may take d to be 
the degree of P. 

Here and in the sequel C > stands for a universal constant the value of 
which may change from line to line. 

Note that, for "most" values of 9 the inequality (11 ,2p gives an upper bound 
for the measure of the spectrum o~(p/q, 9) which is exponentially small in q 
in the region of positive Lyapunov exponent. We do not know whether such 
a bound is true for all values of 9. 

The paper is built as follows. In Section |2l we collect the preliminaries we 
need in the sequel. In particular, in Section I2T21 we use Avila's argument to 
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effectively reduce the problem to the case of trigonometric polynomials, and 
in Section 12.31 we state two Remez-Turan type inequalities for trigonometric 
polynomials (due to Erdelyi and Nazarov) which are an important ingredient 
in the proof of the results. In Section 12.41 we prove a convenient formula 
for the Lyapunov exponent, and cite a corollary of the Combes-Thomas 
estimate. 

Section [3] contains several facts which can be seen as partial generaliza- 
tions of Chambers' formula [3], which was originally proved for the almost 
Mathieu operator. These form the main component in the proofs of The- 
orems 1-3, which appear in Section HI These facts are probably known to 
specialists; we include the proofs for the convenience of the reader. 

Finally, in Section we show how Herman's lower bound |9j on the Lya- 
punov exponent 

j(E, a) > ln + \a d \ (1.3) 

for trigonometric potentials (II -ip can be easily recovered using the mech- 
anism of this paper. The argument also shows that S-(p/q) is empty for 
sufficiently large q if \a d \ > 1. Note that if the conjecture were true, this 
would follow immediately from (II. 3p . For now, we prove this separately, to 
provide additional support for the conjecture. 

Acknowledgment. I thank Sasha Sodin for very pleasant and insightful dis- 
cussions, and, in particular, for referring me to the inequalities of Erdelyi and 
Nazarov. I thank Tom Spencer for suggesting to use the Combes-Thomas 
estimate instead of the bound which appeared in an early draft of this paper. 

1 thank Svetlana Jitomirskaya for helpful comments on an early version of 
this paper, and for suggesting to apply Avila's argument [TJ to extend the 
results to general analytic potentials. 

2 Preliminaries 

2.1 Transfer matrices 

Let if be a discrete Schrodinger operator with real bounded potential V, 

[Hip] (n) = ij)(n + 1) + ip{n - 1) + V(n)ip(n) . 
The one-step transfer matrices T n (E) are defined as 
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Set A n (E) = tr<& n (E) (where tr stands for the trace); this is a real monic 
polynomial of degree n. If the operator is periodic of period q, the polynomial 
A = A q is called the discriminant of H . 

For our operator H a 6) we denote the n-step transfer matrix by $ n (E, a, 9), 
and A n by D n (E,a,8). For any n > 1, D n is an analytic function of 9. In 
the special case (II. II) . it is a trigonometric polynomial in 9 of degree nd. 

The Lyapunov exponent j(E, a, 9) is defined by 



According to the Furstenberg-Kesten theorem [7] , the limit exists for almost 
every 9. If a Q, the Lyapunov exponent does not depend on 9. In general, 
it is convenient to define 



For irrational a, j(E, a) = j(E, a, 9). 

2.2 Approximation of the discriminant by a trigono- 
metric polynomial 

In the general case, D n (E, a, 9) is an analytic function of 9. In this section, 
we reproduce an argument of Avila [1] that shows that D n can be well ap- 
proximated by a trigonometric polynomial of degree < const ■ n. This will 
allow to apply the estimates for trigonometric polynomials which we cite in 
the next section. 

Let us represent D n (E, a, 9) by its Fourier series 



7{E,a,9) = lim - In \\& n {E, a, 9)\\ . 



n— too 77, 




oo 



D n (E,a,9)= C k>n (E,a)e 



fc=— oo 



and let 



in 



D n!m (E,a,8) = C k>n (E,a)e 



k=—m 



denote a finite piece of the Fourier series. 
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Lemma 2.1. For any R > 0, there exists d = d(f, R) such that 

\D n (E,a,9) - D n4n (E,a,9)\ < e~ n 
for any < 8 < 2tt, a G R, -R < E < R. 
Proof. First, 

C k , n (E, a) = ^ / D n (E, a, 8)e~ lk0 d8 . 
^ Jo 

For k > 0, we shift the contour of integration by —it]; this yields: 

\C k , n (E,a)\ = D n (E,a,d-i V )e-^ e -^dd 
^ Jo 

< e^^max \D n (E, a, 8 - irj)\ . 

6 

Now, 

max \D n (E, a, 8 — irj)\ < 2 max 

< 2 (2 + \E\ + max \f(8 - i V )\) < (C(f) + \E\) n , 

where C(f) is a positive constant depending only on /. Therefore 

\C k>n (E,a)\<e- k ^C(f) + \E\r , 

and 



E-fie-i-n) -1 
1 



k6 



k=dn 



p ~dnr] 

< (C(f) + \E\r- < + \E\) n e~ d ^ 

1 — e 71 



Choosing d sufficiently large, one can make this expression smaller than e n /2 
for —R < E < R. A similar argument works for k < 0. □ 



2.3 Estimates on trigonometric polynomials 

We shall use two Remez-Turan-type inequalities. 

Theorem (Erdelyi [6J). Let Q(8) = Y?k=- r Ck exp(zA;#) be a trigonometric 
polynomial of degree r, and let X C [0, 2tt) be a measurable set, \X\ > 3ir/2. 
Then 

max \Q{8)\ < e Cr(2 "- |x|) sup |Q(#)| . (2.1) 

ee[o,27r) e& x 
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Theorem (Nazarov [H]). Let Q{9) = 521=i c fe exp(imfc#) fre a trigonometric 
polynomial with r terms, and let X C [0, 2tt) be a measurable set. Then 

max \Q{0)\ < sup|Q(0)|. (2.2) 

Remarks. 

1. The constant C > in both inequalities is universal, independent of the 
polynomial Q under consideration. 

2. We do not use the full strength of Nazarov 's theorem, even in the special 
case which we stated above. Indeed, the polynomials we consider are of 
the form Q{6) = Q(q0), in which case h2. 2\) can be derived from a 
version of \2. 1\) which covers the case \X\ < 3tt/2. A proof of the latter 
can be found for example in the work of Ganzburg J8$. 

3. Similar inequalities have been previously applied to study Schrddinger 
operators with quasiperiodic potentials; see for example Jitomirskaya 
/HI Theorem 8]. 



2.4 A formula for the Lyapunov exponent 

Set 

M n (E,a) = max\D n (E,a,9)\ . 

6 

Proposition 2.2. For any a ^ Q ; 

j(E, a) = lim sup — In M n (E, a) . 
Proof. First, let us show that 

j{E,a) < limsup-lnM n (£,a) . 

n— >oo Tl 

We can assume that ~f(E, a) > 0. Avila and Bochi [2j Theorem 15] have 
shown (in the general setting of ergodic SL2 sequences) that, for almost 
every 6, 

*f(E, a) = lim sup — In p($ n (E, a, 9)) 

n->oo Tl 



(where p stands for the spectral radius.) Recalling that 

< | tr $ | 

for $ G SL/2(R) such that p($) > 1 (which happens if and only if \tr<f>\ > 2), 
we obtain: 

1 1 
j(E, a) < limsup — In \D n [E, a,8)\ < limsup — In M n (E, a) . 

n— >oo Tl n— >oo Tl 

Let us prove the complementary inequality. Fix e > 0. By Egoroff 's theorem, 
there exists X C [0, 27r) such that \X\ > 2n — e and 

-ln\\<S> n (E,a,9)\\ — )• 7(£, a) 

Tl n— >oo 

uniformly on X. Therefore 

lim sup sup — In \D n (E, at,0)\ < j(E, a) . 

n—toc 0£X n> 

Now, Erdelyi's inequality (12.11) implies: 

max \D n4n (E, a,0)\ < exp(Cdne) sup \D n>dn (E, a,9)\ , 
9 oex 

hence by Lemma [2. II 

M n (E,a) <exp(Cdne) ( sup \D n (E, a, B)\ + e~ n j + e~ n , 

and therefore ^ 

limsup — In M n (E, a) < j(E, a) + Cde . 

n— too Tl 

Taking e — >■ +0, we conclude the proof. □ 

Now we cite several facts pertaining to (general) periodic Schrodinger op- 
erators. Let if be a periodic Schrodinger operator of period q. The Lyapunov 
exponent of H satisfies 

7 (£) = lim -ln||$ n (£)ll = ~lnp($ 9 (£)) , 

n->oo n q 

where p stands for the spectral radius. 
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Let Eq be an energy outside the spectrum cr(H). Then the discriminant 
A is equal to 

A(E ) = exp(qj(E )) + exp(-g 7 (£ )) . 
From the Combes-Thomas estimate (see for example [TTI Theorem 11.2]), 

7(-Eo) > cmin 

where c > is a universal constant. Thus we obtain the following: 

Lemma 2.3. Let H be a periodic Schrddinger operator of period q, and let 
Eq be an energy outside the spectrum o~(H). Then 

\A(E )\ > exp [cq mm {dist(E, a (H)),l}] , 

where c> is a universal constant. 

3 Variations on Chambers' formula 

As before, we consider the Fourier expansion 

D n (E,a,9)= C k , n (E,a)exp(ik9) (3.1) 

k=— 00 

for D n . 

In the periodic case, most of the coefficients are zero: 
Proposition 3.1. For any p/q G Q, D q is periodic in 9 of period 2n/q: 

Dq (E,P,9 + -) = D q (E,P,9) . (3.2) 
q q q 

Consequently, 

00 

D q {E, P -,e)= C kq , q {E P -)e W {ikq6). 

1 k=-oo 1 

Proof. First, 

V E 0+222 (n) = Vv e (n + 1) , 
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therefore 

T n (E V -,e + ^)=T n+1 {E P -,6 
q q q 

Also, T n is a periodic sequence of period q, therefore 

q q 



tr 



tr 



T q (E,-,9 + — ) ■ ■■T 2 (E,-,8 + — ) Ti(E, -,0 + — ) 
q q q q q q 

Ti(E, -, 9)T q (E, ~,9) ■ ■ -T 2 (E, -, 9) 

q q q 



Since trace is cyclic, we conclude that 

D q (E^,9 + ^) = D q (E^,9) . 

q q q 

Now, obviously, 

D q (E, -,9 + In) = D q (E, -, 6) ; 
q q 

since p and q are relatively prime, the last two equalities imply (13. 2p . □ 

The next proposition describes the leading coefficients in the trigonomet- 
ric case (11. ip . 

Proposition 3.2. Suppose the potential is defined by U.l\) . For any a £ R, 

C± dn ,n( E ' a ) = (- a ±d) n exp [±niadn(n + 1)] . 
In particular, for a = p/q £ Q and n = q, 

Proof. We have: 

n 

| - exp [±27ria£;d] J = a± d exp [±vriarfn(n + 1)] . 

k=l 

□ 
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4 Proofs of the theorems 



Bourgain and Jitomirskaya [3] have proved that the Lyapunov exponent 
j(E,a) is jointly continuous in E and a on IR x (R \ Q). Therefore for 
any a ^ Q and e > there exists 5 > such that for any \p/q — a\ < 5 and 
any E in any compact set 

IK 



|7(J5,£)-7(JB,a)|<e. 
9 



Also observe that 



9 



lim 

n-Kx> 27m 



2tt 



9 



1 

2^ 



2 77 



9 



(dominated convergence) 

— / In p($J E, V -, 9)) dO (cf. Section |23|) 
Jo q 



2nq 

Now we are ready to prove the main results. 

Proof of Theorem We can assume that j(E, a) > 0. Then, for p/q suf- 
ficiently close to a, ^(E,p/q) > 0. Therefore there exists 6 for which 

-\np^ q (E^,6))>0 , 

q q 



that is, E a(p/q,9), hence E ^ S_{p/q). 



□ 



Proof of Theorem \1.2 . Let e > 0. One can find 5 > such that for any 
p/q for which \p/q — a\ < S and for any E e A(a) the Lyapunov exponent 
satisfies j(E,p/q) < e. Therefore 



e > *f(E. 



2nq 



2 IT 



\n P (® q (E,P,e))de 
q 



which implies 

[d | \D g (E,P,e)\>2e 2 ^} < {9 I p($ q (E,P,e))>e 2 <*} 



< 7T 
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By Lemma [2. H 



{e | \D q)dq (E,-,9)\ >2e 2qe + e~ n ^ 



< 7T . 



According to Proposition 13. 1\ E) q ^ q is a trigonometric polynomial with 2d + l 
non-zero terms, therefore Nazarov's inequality (12.21) implies: 

M q (E, ^) < (2e 2qe + e~ n )C d + e~ n < e 2qe C d , 

therefore for any 9 G [0, 2ir) 

\D q (E,a,9)\ < e 2qe C d . 

On the other hand, Lemma 12.31 tells us that for energies E at distance <T > 
from cr(p/q, 9), 

\D q (E,^,9)\>exp(cq min(e, 1)) . 



Therefore e < Ce, hence 



dist(E,a(-,9)) < Ce 
Q 



This is true for any 9, hence 



E G S-(-,Ce) . 

q 



We have shown that 



A(a) C S(-,Ce) 
1 



taking the intersection over all e > 0, we conclude the proof. 



□ 



To prove Theorem 11.31 we need a general statement. 
Proposition 4.1. For any p/q G Q and E G R, 



G [0,2tt) I E G 



< CMJE,^)-^ 
Q 



where d = d(f) depends only on f . In the trigonometric case ( fi-ij) . one may 
tofce d io 6e £/ie degree of P. 
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Proof. For simplicity, we prove the proposition in the trigonometric case 
(jl.ip ; the general case follows as before from the approximation of Lemma 12. II 
Denote 



9 e [0,2tt) I E e ct(-, 



By Proposition 13. 1\ D q (E,p/q, •) is a trigonometric polynomial with 2d+ 1 
terms. Therefore by Nazarov's inequality (I2.2p and the fact that the (essen- 
tial) spectrum of a periodic operator is the inverse image of [—2, 2] under the 
discriminant, 



M q (E,^)< 



C 



|T(£,f) 



2d 



p 



max \D q {E,-,6)\<2 



C 



|T(^,f) 



2(/ 



and hence 



|T(S,5)|<CM 9 (S,5)-b 
g q 



(with a different constant C > 0.) 



□ 



Proof of Theorem \1.3l Let e > 0. Choose 5 > such that for any energy £" 
and any p/q such that [p/g — a\ < S and 



If i(E, a) > e, 



Therefore 



j(E,?-)>j{E,a)-e. 
Q 



j(E,a)-e<j(E,?-) 
1 



2vrg 7 



2?r 



< max- In -,0)) < - InMjE, -) 
e q q q q 



V 



M q (E,q>exp[q(^(E } a)-e) 



Combining this with the previous proposition, we obtain the estimate. 

The corollary (jl.2p follows from the Fubini theorem. □ 
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5 Herman's inequality 

The results of this section pertain to the trigonometric case (11. ip . 
Proposition 5.1. For any a Q and any E e R, 

f{E,a) > ln + \a d \ . 

Proof. By Proposition! 



1 1 1 f Z7r 

y(E, a) = lim sup — In M n (E, a) > lim sup — In — / \D n (E, 



2tt 

a,e)\ 2 de . 



According to Proposition 13.21 we deduce: 



y{E,a) > lim sup -In \C dn , n (E)\ = \n\a d \ 

n— >oo Tl 



For the periodic case, one has the following: 
Proposition 5.2. // \a d \ > I, 5- (J) = /or g > 2log \ ladl 



Proof. By Proposition 13.21 

f27T 



Mq{E, -) > 
9 



J- ^ \D q (E^,6)\ 2 d6 >V2\a d 



□ 



which is larger than 2 for o > ttt — — r- □ 
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